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Approximation by integrals

When a summation can be expressed as
∑n

k=m f (k), where f (k) is a monotonically
increasing function, we can approximate it by integrals:
∫ n

m−1
f (x) dx ≤

n∑

k=m

f (k) ≤
∫ n+1

m
f (x) dx . (A.11)

The justification for this approximation is shown in Figure A.1. The summation is
represented as the area of the rectangles in the figure, and the integral is the shaded
region under the curve. When f (k) is a monotonically decreasing function, we can
use a similar method to provide the bounds
∫ n+1

m
f (x) dx ≤

n∑

k=m

f (k) ≤
∫ n

m−1
f (x) dx . (A.12)

The integral approximation (A.12) gives a tight estimate for the nth harmonic
number. For a lower bound, we obtain

n∑

k=1

1
k

≥
∫ n+1

1

dx
x

= ln(n + 1) . (A.13)

For the upper bound, we derive the inequality
n∑

k=2

1
k

≤
∫ n

1

dx
x

= ln n ,

which yields the bound
n∑

k=1

1
k

≤ ln n + 1 . (A.14)

Exercises

A.2-1
Show that

∑n
k=1 1/k2 is bounded above by a constant.

A.2-2
Find an asymptotic upper bound on the summation

$lg n%∑

k=0

&n/2k' .


